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Abstract

. . 1 . .
The inner function exp (—%) we approximate uniformly

in the unit disk by interpolating Blaschke products.

Let D be the unit disk in the plane. If f is a bounded holomophic
function in the unit disk then

f1(e) = lim f(re'®)

exist almost everywhere on dD and is called radial boundury function of
f. We call the holomorphic function /(z), z € D, an inner function if its
radial boundury function I*(e?) satisfy |[*(e'®| = 1, e.e. on 9D.

A Blaschke product in the unit disk is the holomorphic function

oo o
b(z) = 2" H ,ltk, M #0, k=1,2,..., Z(l—|/\k|)<oo
k= k=1
py
where g is a convergence factor, for example pp = |)\—k|, k= 1,2,...

The numbes Ag, k = 1,2,... are zeros of the Blaschke product above. A
finite Blaschke product is a product with finite many zeros. Every Blaschke
product is an inner function in the unit disk.
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A sequence (A;)7Z, C D is called a H* interpolating sequence if for
every bounded sequence (cx)72, there exists bounded holomorphic function
[ such that f(Ax) = ¢k, k = 1,2,.... An infinite Blaschke product is called
an interpolating Blaschke product if its has different zeros and its zeros
formed an interpolating sequence.

The Frostman theorem (see for example [1]) say that if I(2)is an inner
function in the unit disk, then for almost all @ € D the function

I(z)—a _
(TR

is a Blaschke product. From these theorem it follows that every inner func-
tion can be approximated in the unit disk uniformly by Blaschke product
(see for ex. [1]).

We will prove the following assertion.

Theorem. For every ¢ € (0,1) there exists a sequence of inter-
polating Blaschke products b,,(z) = bm(z,/\im)), m > 2, with real posi-
tive zeros which converge uniformly in the unit disk to the inner function

I(z) = exp 1t . The zeros ()\(m) of the Blaschke products b,,(z),
, 1-2 k .

m > 2 satisfies the exponential interpolating condition:

—fﬁ%<“ m>2, k=1,2,... (1)
1- k

The sequence (/\Scm)) converge in the hyperbolyc metric in the disk, since
p(A2m+p), /\Lm)) — 0, m — oo, independently of £ and p.

Proof. Choose ¢ € (0,1) and a sequence {px}3,, 0 < pp < 1,
k=1,2,..., such that

<= k=1,2,
1—pr —2°
Then the series
o
> (1= p) (2)
k=1

k
converge (for example we may take 1 — p, = (—) »c€(0,1),k=1,2,...).
Define
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m m

(m) _ (‘ __PE__ )(l—pk)—g(Rim))_l

Ty = (m) , k=1,2,..., m>2, (3)
1- \//)_kRk
(m) _ 1— (m)
k 1+ (m
T = Eflexp2(1 — pi) o (RY) ™) + 1, 4)
pk (m) Py ()
2Ty, 2T
(m) _ L—u (m) _ T 7k
g = / ———de, L= / T, (5)
0 0
M™ = prexp[—(1 - pu)* By y™)
= (1~ VpeR{™ ) exp(1 - pe RV L™, (6)

k=1,2,... It is clear that 0 < r(m) <1,0< pgcm) <l,m>2k=1,2,...
Elementary calculations show that

BT > exp(pr (1= o) R 4 VER(L = o) 7] = o0

if m — oo independantly of &, and

p 7 m 1- 2
exp(=22"™T{™) < o pill = o) -
3(1 = pi)2 ok Ry + 24 24/pr(1 = pi) " pi R,

S U= i) o R
- 2

if m — oo . Hence we have following estimation for (1 — pk)zRgn)Iim):

m)  —gplm)pim) 1
(1 - px) R(m [(m <(1 Pk)BR(k ) =22, Ty log ) <
“k

k(1 — Pk)zRim) (1

k m
. —¢54J)ﬁo

if m — .
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Note that

o0
.  plm)
dm > B =1

o0

. (m)y2 _
Jim S (RYM) =0 (8)
k=1
Srplm) g (m)y _
hmooz vV Pr) R ) = 77}1_1}100;1[}2,; (1-+pr)R,]=1
since for every convergent series
(e @) X
Za’““"’>0’ k=1,2,---, lim Z“k:Rgcm) = (.
N —+00
k=1 k=1

Using (3), (7) and (8), and the Taylor series expansion of the expo-
nential function, we have

loe)

. 1 _amyy

oo
. v (m)ye
Jm YA =

We will proof that the Blaschke products b,,(2), m > 2, with zero set
{/\(km)}z":1 converge uniformly in the unit disk to the inner function I(z).

First,if 0 < ap < 1,0 < b < 1,k =1,2,...and H ay and H by converge,
k=1 k=1

o0
then Y |ax — by| converge and
k=1

| < Z'“lc_bkl' . (10)

?,.
I}
—
>
1l
—

Using the inequality (5) and the inequalyties |1 — @b| > 1 — |al, |a| < 1, we
have

/\(m+P /\(M)l

'bm+p( —b Z | <2 m m
Z(l—- /\( )”/\( +P)|
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.. 00 'exp (_(l - P ) R(m)yk ) —E‘Xp( (1 _/)A) ) m+p)/(m+p))
ZZ (1= pp)P(l=m=1)?

k=1

X

8€2_1‘ m P
N DS 0 prt 0. | (11)
P k=1

In (11) we use the estimation

2(1 — py,
) < (_p_}”) (12)
Pk
Hence, by (11), the sequence (b,(z)), m > 2, of interpolating Blaschke
products converge uniformly in the open unit disk. Since (

(m) ¢ . ()T(m\
0<y,” <2l=pp+(1=pp)®+- +(1-pp)?

oG

23277115 ., m>2
k=1

we have

= T4z _om o 4
I(z) = exp <_ZJ_.~R(L*—')1> . ‘ (13)

k=1

In each disk |z] <1 < 1, we have (using (12))

1 = m) { 2 |
g exp( ) -1 =0, m-—o.
1L—7 1—7r

k=1

]-(3)—1)/71 S

Hence b,,(z) — I(z) in the unit disk. chording to (11) the convergence is

uniform. But we ask how to estimate by, (z)| in the unit disk up by

a positive function which depends onl\ of m and converge to 0 if m — oo,
We proceed as follows. The function

1 1 —]z]?
hiz) = mexp <—“ _17:2>, a>1 (14)

is bounded in the unit disk. To proof this, we use the polar representation

l—2=1rcosf

15
y=rsinf (15)
since z = x4y € D, we have | —|z|* = rcosf —r? > 0 and |1 — z|> = »2,
the function (14) is tlansf(nmated in the following way
1 2cosf —
h(z)=h(8,r)= = - ex1)<—L> (16)
7,,,0— r
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which is clear that it is bounded e.t. there exist 0 < M < 1 such that
0<h(z)< M < 1. (17)
Define

Ln(= (Z ( A&."")>. (18)

k=1

(\2

It is clear that I,,(z), z € D, are inner functions for every m > 2. Since

lim Z(l—)\(m) 1, (19)

m—00

and the function k(z) is bounded by 1 in the unit disk,using series expansion
of the exponential function, elementary calculations shows that

[Im(2) = I(z)] = [(2)l|L = (I(2)) " L (2)] <
< [(R(’“’—( A+ 2 5 (R - (—,\‘,;"”))2+-~]

{(R(m) (1- ,\(km).))] + (20)

+

N
Mz i T

[t -0 (G B ) =

Eol
I
—_

if m — o0, and so
I(z) = lim I,(2)
m—00
uniformly in the unit disk. Using the inequality
1 < 2
|1 —az| = |et? —z|’

«—z
1-u:z

<l a,z€D, §=arga (21)

the Taylor expansion of the exponential function, estimation (17) of the
function h(z), we have

[ Tm(2) = bm(2)] = [Lm(2)I[1 ~ (I;m(2))™ 1bm (2)| <

<22Ae-1)Y (1-A"P -0, m—
k=1
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uniformly in the whole open unit disk.

For the zeros /\(v_m)7 m > 2,k =1,2,... of Blaschke products b,,(z),
k p
m > 2, we have

1= 1= peprexp[—(1 = pig1 PR ST
] (m) — , m) (m
1= A 1— vexp—(l—))R
: prexp[~(1 - ) 2]
1 = prta . pear(l = prpr P RUG (1 - Prt1)Pit1 <e
1= py L= p
In a simillar way can be proved that for the inner function
10 >
I{z) = exp (—;i0+~> , a>0 (23)

for every ¢ € (0 1) there exists a sequence of interpolating Blaschke prod-

ucts b, (z, /\( ™) ), m > 2, withzeros )\('") alg)\(m =0, m>2,k=1,2,.
which coverge umfomﬂy in unit d1sk to'the inner function I(z) The zeros

\(m can be defined in the following way
/\ (m) — = P exp[ (1- pk.)ga.Rgcm tm) L0] m>2, k=1,2,... (24)
The zeros (24) satisfy the exponential interpolating property

1= A

———I—-\—(-m—)-I-<c, m>2, k=1,2,...
L= ]A,

References
1] P. L. Duren, Theoy of H? spaces, Academic Press, New York, 1970.

[
[2] J. B. Garnet, Bounded analytic functions, Academic Press, new York,
1981.

(3] K. Hoffman, Banach spaces of analytic functions, Prentice Hall, En-
glewood Cliffts, New Jersey, 1962.

[4] L. 1. Privalov, Granichnie svojstva analiticheskih funkcii M. GITTL,
1950.

[5] G. Tumarkin, Shodoshie posledovatelnosti proizvedenia Blaschke,
Sibirskii mat.j. 1964, 5, N.1, 387-417.




54 Nikola Pandeski

3A YHH$OPMHATA AIIPOKCUMAIIAJA
HA EOJHA BHATPEHIHA $YHKIIMNJA

Hukona Ilaunecku

PeasumMme

14 2
Buatpemnara ¢pyHKOHja exp (—1—i-—) € ampoKCHMaluja BO eIu-

HHYHUOT AUCK PaMHOMEPHO CO MHTepIpeTaliMOHH BnamxeoBu IIpou3-
BOOMH.
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