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TRIGONOMETRIC SOLUTIONS FOR SOME ORDINERY
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER

Marija Kujumdzieva-Nikoloska* and Jordanka Mitevska**

Abstract

In this paper we construct approximate trigonometric solu-
tions for some ordinary differential equations of second-order with
boundary conditions. .

We look for trigonometric solutions for differential equations of the
form . —_ g} - >
y' +ay + By +yy" = Fy+ Fycosz + Fysinz (1)

for n = 2 and n = 3, with boundary conditions

y(2m) —y(0) =0
y'(2m) - y'(0) =0 } @

Remark 1. (1) is a differential equation for some nonlinear oscilla-

tions. ‘ :

Here we find a solution of (1) in the form.

=) o .
3 cosnx sin ne

y=AY ———+BY —— @)
n=0 n=1

a am”

113




114 Marija Kujumdzieva-Nikoloska and Jordanka Mitevska

when z € [0, 2n].
The following theorem holds:

Theorem 1. The series (3) is a solution for the equation
¥ +ay +PBy+vy* = Ficosz
with boundary conditions (2) if the next relations are satisfied:

R=0
B3+ ABy=0
2BB + A%y — B%y =10 '
B(@®+1+8(1-a?))-aA(l=a®)=0"
24(1 - a® + B(3a® + 1)) — 2aB(a% + 1) + 4aA?y =0 (4)
2B(4a% + B(a* + 3a% + 1)) =0 a
A(1—a*—B(5a*+10a2+1)—2a*y) + Ba(a® +6a®+1) -24%ya%(a® +2) =0
A(3a(a®—1)+pB(a*+7a% +4) +va?(a®?+1)) —3Ba(a® +1)+ A*y(3a® +1) =0.

Proof. If |a| > 1, the series (3) is uniform convergent. With the
transformations ‘

einz + e—inz ein:t — e—inm

cosnx = —————  sinng = —————
2 ’ 2 !

we obtain that the sum of the series (3) is the function

B a
T a2+4+1—2acosz

y (@A — Acosz + Bsinz). (5)

From (5) we have respectively:

2 9 -
2 a 2 A*+B )
Y (a® +1 — 2a cos z)? ( + D) aA” cos z+
' 2_ g2 o ; \
+2aABsina:+’_4__2icos2x_ABsin22)’ -

Y = @11 _a2a cos3)? [~2aB + B(a® +1) cosz + A(1 — a?)sinz},(7)
a \
V= (a2 +1—2acosz)3 [~3aA(1 - ag) +A(1 - a¥) cosz— ®)

— B(a* — 6a% + 1)sinz + aA(1 — a?) cos 2z — aB(1 + a?) sin 2z] .
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With the conditions (2), involving (5), (6), (7), (8) in (1) and compar-
ing the coefficients next to the sin and cos we obtain the relations (4).

Corollary. Forn =2, and Fy = F} = F, =0, the equation (1) has a
solution in the form (3) if for a it is satisfied

—a®+9a8 4240 +7a% +1 a®+9a%+20a*+9a%4+1 2
3a”—4a5+8a%—16a%-1202~a -a8+9a%+24a%+7a%+1 a%+1|=0
—a%~14a*+8a®—2a%2+1 —a8—-4a*—4a%+1 0

Remark 2. With a substitution
wt+wy =z

we transform the equation
¥’ + oy’ + vy + M\y® = Go + G1 cos(wt + wp) + Gz sin(wt + wo)
in the form (1).

Remark 3. Constructing the solution for the equation (1) in the form
(3), we obtain it in a form of fraction rational function.

We will illustrate the above procedure in some examples.

Example 1. The equation
y"' +ay + By +vy® = Fy + Ficosz + Fysinz,

with boundary conditions (2), has the solution

x o0 .
coS NI sinnz 2
y= A+A,,E=1 on + ’n§=1 = 4cosm(2A—Acosa:-}—Bsmar:)

if the next relations are satisfied:

Fi=0

F,=0

46B + 3yBA? — 432 =0

48A + yA3 — 37AB? = 8F,

5(1 +28)B — 3aA + 127A’B =0

3(~1+66)A — 5aB + 6vA% — 67AB? = 30F,

— 30aA + (14 + 588)B + 105vA2B 4+ 6yB3 = 0

(15 + 1178)A — 41aB + 517A% + 3vAB? = 158K
(36 + 1728)A — 60a.B + 88yA3 + 24vAB? = 113F,.
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Ifa#0,and 8 # iggg = 0, 11289, the equation (1) doesn’t have a solution

in the form (3).
Example 2. The equation

y" + 3,4425339y' +0 121289y — 2, 3498979 10-4. ;,2 ¥ =Fy

with boundary condltlons (2), has the solution

y = 15,599792F, Z C"S BT +1,0136066F, S“;:"’ .

n=0 n=1

Example 3. The equation
y' = 0,5y +y° =0
with-boundary conditions (2), doesn’t have a solution in the form (3).

Theorem 2. The series

cosnxT smnxe
y=4Y i p Y .
n=0 n=1

is a solution for the equation (1) with the boundary conditions (2), if it is
satisfied the relations

0i(@,B,7,0,b,A,B,Fo, F1,F;) =0, i=12,...,15 for n=2 (10)

wi(e, B,7,a,b,A, B, Fo, F1,F) =0, i=1,2,...,15 for n=3. (11)

Proof. If [a| > 1, |b] > 1 and z € [0, 27], using the sums

cos COSNT a(a —cosz) -
1+ ot o=
—~2acosz +1
sinz sin2z sinnzx + _ ‘ béinx o
b b2 b T b2 —2bcosz +1

we obtain that the series (9), is gri uniform cohvergent towards the function:

Aa(ab®+a+b)— Aa(Zab+b2+ 1) cos z+ Ba2bsin 2+ Aab cos 22— Babsin 2z (12)
- (a2b2 + (a + b)2 + 1) — 2(a + b)(ab + 1) cos z + 2abcos 2z ’
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e _Ap+Ajcosz+ By sinz + Az cos2z + Bysin2x

ap + a1 COs T + ag Cos 2z

Z A, cosiz + Z B;siniz
i=0

2
> a;cos iz
i=0 -

From (9) we have rwpectlvely
y'

Co+C1 cosz+D1 sin m—f—C’gcosZaH—Dz sin 2:1>+Ca c083z+D3 sin 3x+Cycosda+Dy sin 4z

(a0 + a1cosz + ag sin 2z)2

E C; cosiz + E D, siniz '
_ =0 i=1
- 4
Z b; cos iz
i==0
: Z&cos¢m+ EFsmw: , ZE coszw+ZFsmzm
i=0. . - i=0
i “ly l o 3 —
CoS T + a7 €08 23 6
(ao +a + 2 ) Y- cicosiz
i=0
Z Gicosiz + Z H;siniz
2 __ =0
y =
Z b; cos iz
4 i=0 6
> K;cosiz + E Lisiniz
3 __ i=0
vy = 6
3" cicosiz
i=0

(13)

(14)

(15)

(16)

where A;, B;, C;, D;, E;, F;, G, H;, K;, Ly, a;,b;, ¢; depend on a,b, A, B.
When we substitute (12), (13), (14), (15) and (16) in (1) and compare
the coefficients next to the cos and sin we obtain. the relations (10) for

n =2, and (11) for n = 3.

Remark 4. If in the right side of (1) it is F; = 0 or Fy = 0 then in
(10) and (11) there are 14 relations, but, if F; = 0 and F> = 0, then in

(10) and (11) there are 13 relations.
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