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WITH THE FIBONACII NUMBERS
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Abstract

In this note certain inequalities for finite sums with the
Fibonacci numbers are given.

0. The Fibonacci numbers F,, are defined by

Fi=Fp=1 F,=F, 1+ Fp2 (n=3,4,...).

These numbers have many interesting 'propert.ies, from which we cite only
two:

Fr+Fo+--+F,=Fpya—1, (1)
F24Fi+---+F2=F,F (2)
1 2 n = fnlnitl-

In 3], using the Caushy inequality we have obtained the following
inequality

a1Fy + agFp+ -+ anFp < 2"\fal +af + -+ a2

and some consequences.

In the first part of this note, we apply the Caushy inequality to create
new inequalities for finite sums with the Fibonacci numbers. Some other
inequalities we obtain in the second part of this note.
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* 1. Now, we will proove the following results

Theorem 1. The following inequalities

ay an 3\2n 2 3
oy 2+ +F_g>(3) (Var+vaz+--+va)?, ()

n ' 3\ n+1 . )
N --+3—>(g) (War+vas+--+van), (@)

1
a1 In Fitag In Fot+ - 4+a, In Fy < 3\/(n—1)n(2n—1)\/a%+a§+- -+a2, (5)

3\n
ale_F‘+aze—F2+---+ane_F"<2‘/1— (Z) \/a%-l-a%—i—----ka% (6)

are hold where a; (i =1,2,...,n) are positive numbers and n = 3,4,....
Proof. Because of [4]

1+vE\" 1+v3\"
( 5 ) <Fn<( 5 ) (n=3,4,...)

()" <re () @

< ()RR ®

we obtain

or

-

Putting z; = yi=F; (i=1,2,...,n) in the Caushy inequality

i

(@1y1 +zoya + - +Tayn)? < (@ + 23+ +2R) (W s+ +4R) (9)

and by means of the equality (2) and the inequality (8), we obtain the
inequality (3).

By the same arguments, putting z; =

Fayz“‘\/_—(z—12 )

in the inequality (9) and by means of the equality (1) and the inequality
(8) we obtain the inequality (4).
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Putting z; = a3, y; = InF; (i = 1,2,...,n) in the inequality (9) and
noticing that o

2
' tin® I 5
1n2F1 12 2+'”+1n2Fn<(12+22+“' ; (”"'1)2) [l (1—{—2\/_>j|

and

2
24224 g (n—1)%= ("—1)"(2"—1)’[111(17;\/3)]» < 0,24

6
we obtain the inequality I$5
Forz; =aj,ys=e ™ (i=1,2,. -1
the inequality (9) becomes (6)
We will mention here three simple consequences of the above theorem.

,n) by means of (7) ande ™ < z

Corollary 1. In the case whena; =1 (i=1,2,...,n) the inequalities
(3)-(6) become
1 1 3\,
FZ 2+ Fg>(5) "o
LR +1>(3)n+12
Fi | F F. \5) "

1,
F1Fy.. . Fp < expgn\/(n— 1)(2n - 1),

. / 3\n
C—F1+C—F2 +_‘_+8—Fn <2\/E 1__ (Z)

respectively.
Corollary 2. In the case when a; = 32 (i = 1,2,...,n) the inequalities

(3)-(6) become

12 L2 22 I n? (3)2n n?(n +1)2

2 FR 7z~ \5 i

12 22 n? 3\t n2(n + 1)?2

— s (—) ol L

P * Fq F, 5 4 :

,n3

FiFZ...F" < exp =

6 n
e 427 4 e < —\g—_-\/n(n+1)f(2n+1) 1- (i)
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respectively, »
Corollary 3. In the case whena; = F; (i = 1,2,...,n) the inequalities

(5)-(6) become

2 5\n
FlFlF;"...F,f‘" < exp %an‘ (—) ,

3
n n
Fle P FRe Py 4 Fe < 2(;) V 1- (2‘)
respectively.

2. Next we will prove the following results

Theorem 2. The following inequality

VLT 2F20)CF1 + Fzn) + \/(Fa + 2F2n_1)(2Fn + Fon—1) + -+ +

3 ‘
4+ V(Fn + 2Fp41)(2Fp + Fpt1) < §(F2n+2 -1)

holds where n =1,2,....
Proof. In [1], among other things, the following inequality is proved

-;-\/(z+2y)(2x+y) < %31 (z,y20).

Puttlngz = F11F2,--'anan+1"'-vF2n—1’F2n
and y = Fon, Fan—1,-+, Fnt1, Fn,. .., F2, Fi in the inequality (10), adding
and by means of (1) we obtain the stated inequality.

Theorem 3. The following inequalities

(Fpt-1), 1)

1
F'Fpa+ F  Fpna+---+F"FL 2 — 1

(Fril-1)-1 (12)

n

PPt + FityFaog oo+ FP Py < ——

hold where m = 0,1,... and n = L2,....
Proof. We need the following inequalities

(m+1)y™xz—y) < g™t ™l < (m+ 1)2™(z —y)
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where x >y > 0and m=0,1,....
Putting z = F,, Fp—1,...,F2,F1 and y = F,,_q, Fp_9,...,F1,1 in the
second inequality of (13) and adding we obtain the inequality (11).
Putting * = Fp41,Fp,...,Fo,Fy and y = Fp,Fp_1,...,F1,1 in the
first inequality of (13) and adding we obtain the inequality (12).
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