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ABOUT FINAL GROUPS OF TRANSFORMATIONS OF
THE NONLINEAR DIFFERENTIAL EQUATION
OF THE SECOND ORDER

Julka Knezevié-Miljanovié

Abstract
In the given work, the final groups of transformations of the
equations of a type

n,m, H

y' = az"y"y )
are considered allowing to divide a class of the equations (1) on
not crossing final subclasses, inside which the solution of one repre-
sentative of the given subclass guaranteés to us the solutions of all
other representatives of the same subclass with the help of known
transformations. :

The equation (1) is generalized homogeneous, therefore its order can
easily be decreased by one by transformation:

ot o n—lt’.’t . r_ " ’
r=e€, y=uemI-1"; w =p (u =pp).

After replacement
2n+m—-1[1+3
_ £= m+l—-1 U
we receive the equation
(n=104+2)(m+n+1)

(2n+m —1+3)?

mf, n—l-l-? b
+ AL (p 2n+m—l+3§)'

pp'-p=-— 3
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Inacase2n+m—14+3 #0, m+1—1 # 0is generalization of the equation
Abel of 2nd order

pr' = p=R(§).
Let’s consider formal transformations of the initial equation (1), taking

in to account, that in each concrete case the solution should be checked up.
Symbolically, the initial equation will be written as (m, n,!).

1. Let y be independent variable, than we have

" = _aymxnwl.? -1

thus we receive transition (m,n,l) — (n m,3 —1). Let’s demgnate this
tlansformatxon by .the letter r. :

2. We shall transform the equation of a type (1) with parameters

(p,v,A) as follows. We multiply both parts of the equation on y=#y'~*,
. .. 1

raise to the power both parts of the equation in a degree — and than
v

differentiate:

1 sdr Ate e=d
yy'y™ — Mgy -y = var gy ST Y

After transformation

v+l _
Y=z, y=¢', z=we— ¢, v =g,q=pu*?

replacing ’
£=,u/\+21//\+,u.1/—2u+/\—31/——2w2_,\
(A=2)(A-v-2)
we receive
vip+A-D(p+rv+1)(A-2

T (A WA+ — 20— 3v — 2)?

a A=2)(p+v+1) a
A .\12[ - -
+AL P AL/\+2V/\+;LU—QM+/\—3V—2€]
We again have received the equation of a type (2). Let’s require, that the
factors and parameters of the equations (2) and (3) coincided, then we

shall receive transition (m,n,l) — (i, v, A). The solution of system of the
algebraic equations gives
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_ n _ 1 A_2m+1
r= n+1’ YEICT AT T
e 1 2m4d
n m
) — |- .
(m, nl) <n+l’1—l’ m >

Designating this transformation by the letter f, and applying it repeatedly,
m . o

-2 m4+1’

. n-1 .
we shall receive ( ), we receive groups Cj.
n

3. Let in the initial equation [ = 0:

!

y' =az™y"  (m,n,0). (4)

In this special case (equation Emden-Fowler) transformation

-1 Y
T=21", Y= .
1
gives
"no_. —m-n—-3_m
Y = aly 1

ie. (m,n,0) < (m,—~m—n-3,0). Let’s designate this transformation by
the letter s. As fs = sf, the group represents C3 x C3 i.e. isomorphic to
C's. We receive groups of transformations of the equation Emden-Fowler:

(m,n,0) = (m,—m—n—3,0)

__)( n 1 2m+1)_>(_1 m m+n+4)

Tn+1’ 7 m 2’ "Tm+1’m+n+3

( m+n+3 1 2m+1> ( l m n—l)
\' m+n+2" 7" m N 2" m4+1 n

4. We shall make in the initial equation (1) following transformations
multiplying both parts of the equation on 7"y~ ™y and differentiate.
Further, we put

| wdt
e=e, y=e UM W=g, g=pu

and receive
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pp —(m+2-3)p—(n-2+3)u"p=
=—(1-l-mu % —(m4+2-n-30>"-2-1+n)u!"2.
Accordingly, from (u, v, A) we shall receive
b= (1420 =3l p = (v - 22 + 3jup =

= (1= A=p)® 2 = (u4 22— v =3’ — (2= A4 v)u! P,

In the first equation let’s put

_m+21-—3 2-1

d= v
in second

E_V—Q/\+3 1=)\

I ’

therefore the equation transform in

(n=2l-m+3)(1-2) 5]

| = (T |p —
L 52[” (n—20+3)(m+2l—3)

(U+m=-1)(1-2)
T (m+20-3)?

(I-n-2)-2)
(n—20+3)?

£ - erts (5)

1 _
pp—p=E77|p

(-2 -p+3)(A-1) f]
(v—=22+3)(p+2X-3)

Qe DO N Cor HOD,
L+ 21— 3) (v—-2X+3)

Equating of the appropriate factors and parameters of the equations (5)
and (6) gives not trivial solution only at

l_m+2n+3

T o m4n42

(mnm+2'n+3)/_><_ m 3 n ‘2m+n+3)
" mtn+2/ m+n+1l’ midn+l’ m+n+2/°
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The description of transformations can be applied for research of the
equation Emden-Fowler and some other nonlinear equations of physics,
which is type (1) or reduced to it, and also allowing to find the large
number of the equations of a type (1) and the equations Abel of 2nd order,
integrated in quadratures and through known special functions.
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3A KOHEYHHUTE I'PYIIN TPAHC$OPMAIINN
HA HEJIMHEAPHUW IN®EPEHIIMNJAJIHU
PABEHKHW O1 BTOP PEI

Jyiaka KnexeBuk-Musmanosuk

Pezume

Bo namenata paboTa, ce pa3rienyBaaT KOHEUHM Tpymy Ha
TpaHCOpMaIVK Ha PaBeHKUTE OX OOJIMKOT

yllza:cnymyll (1)

KOMLITO [JO3BOJNyBaaT MOa KiaacuTe paBeHKM (1) ce pasbujar Ha
IOTKJIAcH, KOM He ce cedaT, M BO KoM BHaTpe pellleHHeTO IPeTCTaBeHO
co efiHa JajJeHa MOTKJIaca rapaHTUpa pellleHre Ha CUTe OCTaHATH IIpeT-
CTaBHMUM Ha MCTaTa MOTKJIaca [JaJeHU CO I[OMOII Ha I[O3HATHUTE
TpaHchOpMaAIUN.
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